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ON SPECTRAL ANALYSIS OF A MAGNETIC SCHRÖDINGER
OPERATOR ON PLANAR MIXED AUTOMORPHIC FORMS
A. GHANMI
Abstrat. We haraterize the spae of the so-alled planar mixed auto-
morphi forms of type (ν, µ) with respet to an equivariant pair (ρ, τ) as the
image of the usual automorphi forms by an appropriate transform and we
investigate some onrete basi spetral properties of a magneti Shrödinger
operator ating on them. The assoiated polynomials onstitute lasses of
generalized omplex polynomials of Hermite type.
1. Introdution
Let Hθ,V be the Shrödinger operator
Hθ,V f := −∆f − 2i(df |θ) +
(
id∗θ + |θ|2 + V )f (1.1)
on a Riemannian manifoldM , where ∆ is the Laplae-Beltarmi operator, i =
√−1,
θ is a real C∞ dierential 1-form, V is a real valued C∞ funtion and (·|·) is the
Hermitian inner produt indued from the Riemannian metri. Suh operators, for
both ompat or nonompat manifold, arise in many problems both of lassial
mehanis and mathematis and modern mathematial physis; see [15, 4, 2, 16℄
and referenes therein. For M being the Eulidean plane R2 = C, θ being the
anonial vetor potential θ = iν(z¯dz − zdz¯); ν ∈ R, and V = 0, the operator (1.1)
leads to the speial Hermite operator Lν [17, 18℄,
Lν = − ∂
2
∂z∂z¯
− ν(z ∂
∂z
− z¯ ∂
∂z¯
) + ν2|z|2, (1.2)
whih desribes in physis the quantum behavior of a harged partile onned in
the plane, under the ation of a onstant magneti eld. The spetral theory of
Lν when ating on the Hilbert spae L2(C; dλ), of square integrable funtions on
C w.r.t. the usual Lebesgue measure dλ, is well known (see for example [4, 13,
3, 5, 8℄). For Lν on the spae of Landau automorphi funtions of magnitude ν,
a systemati study is reently presented in [9℄. In this paper, we shall onsider
a speial Shrödinger operator ating on the so-alled mixed automorphi forms.
Thus, let T = {λ ∈ C; |λ| = 1} and onsider the semidiret produt group
G = T⋊C =
{
g =
(
a b
0 1
)
=: [a, b]; a ∈ T, b ∈ C
}
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operating on C by g · z = az + b. Dene jα; α ∈ R, to be the automorphi fator
given by
jα(g, z) = e2iαℑ〈z,g−1·0〉, g ∈ G, z ∈ C, (1.3)
where here and elsewhere ℑz denotes the imaginary part of the omplex number z
and 〈·, ·〉 denotes the usual hermitian salar produt on C. Also, let Γ be a given
uniform lattie in C and (ρ, τ) be an equivariant pair [14, 10, 1, 12℄. That is, ρ is
a G-endomorphism and τ : C→ C a smooth ompatible mapping suh that
τ(g.z) = ρ(g) · τ(z) (1.4)
for every g ∈ G and z ∈ C. Assoiated to given real numbers ν, µ > 0 we perform
the spaeMν,µτ (C) of mixed Γ-automorphi forms of type (ν, µ) w.r.t (ρ, τ), i.e., the
spae of all C∞ omplex-valued funtions F on C satisfying the funtional equation
F (γ · z) = j−ν(γ, z)j−µ(ρ(γ), τ(z))F (z) (1.5)
for every γ ∈ Γ and z ∈ C. Suh notion of mixed automorphi forms has been
introdued by Hunt and Meyer [10℄ and extensively studied by M.H. Lee (see [12℄
and the referenes therein). It generalizes in fat the one of automorphi forms (take
for example µ = 0 or let ρ and τ be the identity maps) and appears essentially in
the ontext of number theory and algebrai geometry.
The main aim of this paper is rstly to haraterize the spae Mν,µτ (C) and show
that the two pitures of mixed autmorphi forms and lassial automorphi forms
an be onneted by a speial transform, and seondly to investigate some on-
rete spetral properties of the appropriate magneti Shrödinger operator Hθν,µτ ,0,
orresponding to
θ = θν,µτ (z) := i
{
ν(z¯dz − zdz¯) + µ(τdτ − τdτ )
}
, (1.6)
when ating on the free Hilbert spae L2(C; dλ) and the spae Mν,µτ (C) of mixed
automorphi forms (1.5).
This paper is organized as follows. In Setion 2, we investigate some standard
basi properties of the invariant magneti Shrödinger operator Lν,µτ . In Setion
3, we give a haraterization of Mν,µτ (C) in terms the usual automorphi funtions
(Theorem 3.3). Setion 4 is devoted to desribe the struture of the assoiated
eigenspaes in L2(C; dλ) andMν,µτ (C) for general equivariant map τ . The partiular
ase of τ = τ
h
being the one assoiated the inner G-automorphism ρ
h
(g) := hgh−1;
h ∈ G, is onsidered for illustration. Setion 5 deals with a disussion of the derived
lasses of omplex polynomials of Hermite type.
2. The magneti Shrödinger operator Lν,µτ
Keep notation as in the previous setion and set Lν,µτ := (1/4)Hθν,µτ ,0,
Lν,µτ f :=
1
4
{
−∆f − 2i(df |θν,µτ ) +
(
id∗θν,µτ + |θν,µτ |2
)
f
}
, (2.1)
where ∆ is the Eulidean Laplaian on C, θν,µτ is the dierential 1-form, (1.6),
θν,µτ (z) := i(S
ν,µ
τ dz − Sν,µτ dz¯) (2.2)
with Sν,µτ stands for the omplex-valued funtion
Sν,µτ (z) = νz + µ
(
τ
∂τ¯
∂z¯
− τ¯ ∂τ
∂z¯
)
. (2.3)
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The main observation of this setion is inluded in the following result.
Proposition 2.1. The operator Lν,µτ is a Shrödinger operator with onstant mag-
neti eld whose the expliit expression in terms of ordinary partial derivatives is
given by
Lν,µτ = −
∂2
∂z∂z¯
−
(
Sν,µτ
∂
∂z
− Sν,µτ ∂
∂z¯
)
+ |Sν,µτ |2 −
µ
4
(τ∆τ¯ − τ¯∆τ). (2.4)
Moreover, Lν,µτ satises the following supersymmetri relations
A˜ν,µτ A
ν,µ
τ +B
ν,µ
τ = L
ν,µ
τ , and A
ν,µ
τ A˜
ν,µ
τ −Bν,µτ = Lν,µτ , (2.5)
where Aν,µτ and A˜
ν,µ
τ are the rst order dierential operators
Aν,µτ =
∂
∂z¯
+ Sν,µτ and A˜
ν,µ
τ = − ∂
∂z
+ Sν,µτ , (2.6)
and Bν,µτ is the real valued onstant given by B
ν,µ
τ = ν + µ
(∣∣∂τ
∂z
∣∣2 − ∣∣∂τ
∂z¯
∣∣2).
Proof. For general vetor potential θ, one an show that the derived magneti eld
B := dθ is uniform if and only if θ and its pullbak g∗θ by the holomorphi mapping
z 7→ g · z belong to the same de Rham o-homology group. This is learly satised
when θ = θν,µτ , but here we will provide a diret and simple proof. In fat, the
derived magneti eld is given by Bν,µτ (z) = −2iBν,µτ (z)dz ∧ dz¯, where
Bν,µτ (z) = ν + µ
(∣∣∣∣∂τ∂z (z)
∣∣∣∣2 −
∣∣∣∣∂τ∂z¯ (z)
∣∣∣∣2
)
. (2.7)
Next by writing the G-endomorphism ρ as ρ(g) = [χ(g), ψ(g)] ∈ G = T ⋊ C and
dierentiating the equivariant ondition τ(g · z) = ρ(g) · τ(z) = χ(g)τ(z)+ψ(g), we
get
∂τ
∂z
(g · z) = χ(g)(g · z
∂z
)∂τ
∂z
(z) and
∂τ
∂z¯
(g · z) = χ(g)(g · z
∂z
)∂τ
∂z¯
(z).
Hene, sine ( g·z
∂z
)χ(g) belongs to T, we see that the funtion z 7→ Bν,µτ (z) is G-
invariant and therefore is onstant on C.
Now to get the expliit expression of Lν,µτ , let reall rst that the adjoint op-
eration is taken w.r.t. the Hermitian salar produt on ompatly supported dif-
ferential forms (α, β) :=
∫
C
α ∧ ⋆β, where ⋆ is the Hodge star operator anonially
assoiated with the Eulidean metri of C. Thus, the adjoint d∗ of d and θ∗ of θ
are given respetively by d∗ = − ⋆ d⋆ and θ∗ = ⋆θ ∧ ⋆. Therefore, one an hek by
diret omputation the following
i) (df |θν,µτ ) = −2i
(
Sν,µτ
∂f
∂z
− Sν,µτ ∂f
∂z¯
)
,
ii) d∗(θν,µτ ) = 2i
(
∂Sν,µτ
∂z
− ∂S
ν,µ
τ
∂z¯
)
,
iii) |θν,µτ |2 = 4|Sν,µτ |2,
Note nally that (2.5) an be handled by easy diret omputation. 
As immediate onsequene of Proposition 2.1, we get the following
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Lemma 2.2. There exists a real-valued funtion ϕν,µτ , with ϕ
ν,µ
τ (0) = 0, suh that
the annihilator and reator operators Aν,µτ and A˜
ν,µ
τ an be rewritten as
Aν,µτ = e
−B|z|2−iϕν,µ
τ
(z) ∂
∂z¯
eB|z|
2+iϕν,µ
τ
(z). (2.8)
A˜ν,µτ = e
B|z|2−iϕν,µ
τ
(z) ∂
∂z
e−B|z|
2+iϕν,µ
τ
(z). (2.9)
Proof. Sine Bν,µτ is a onstant, one heks that dθ
ν,µ
τ = dθ
Bν,µ
τ , where θB
ν,µ
τ :=
iBν,µτ (z¯dz − zdz¯). Therefore, there exists a funtion ϕ˜ν,µτ : C → C suh that
θν,µτ = θ
Bν,µ
τ + dϕ˜ν,µτ . Hene, ϕ˜
ν,µ
τ is solution of the following system of rst order
partial dierential equations

∂ gϕ
ν,µ
τ
∂z
= i
(
Sν,µτ −Bν,µτ z¯
)
∂ gϕ
ν,µ
τ
∂z¯
= −i(Sν,µτ −Bν,µτ z)
(2.10)
or equivalently 

∂ gϕ
ν,µ
τ
∂z¯
= −i(Sν,µτ −Bν,µτ z)
ℑϕ˜ν,µτ = Constant
. (2.11)
This assures the existene of solutions of the following rst order dierential equa-
tion
∂φ
∂z¯
= Sν,µτ = νz + µ(τ
∂τ¯
∂z¯
− τ¯ ∂τ
∂z¯
) (2.12)
and therefore of the one arising from
Aν,µτ = e
−φ ∂
∂z¯
eφ
Indeed, solutions of (2.12) are of the form
φ(z) = B|z|2 + iϕ˜ν,µτ (z) + h(z), (2.13)
where h is any arbitrary holomorphi funtion. This nishes the proof by hoosing
h ≡ 0 and taking ϕν,µτ := ℜ(ϕ˜ν,µτ − ϕ˜ν,µτ (0)). 
We onlude this setion by giving an invariane property for Lν,µτ by the unitary
transformations T ν,µg ; g ∈ G, dened by
[T ν,µg f ](z) := Jν,µρ,τ (g, z)f(g · z), (2.14)
where Jν,µρ,τ is the omplex valued mapping on G× C given by
Jν,µρ,τ (g, z) := j
ν(g, z)jµ(ρ(g), τ(z)). (2.15)
Namely, we assert the following
Proposition 2.3. The magneti Shrödinger operator Lν,µτ an be realized in terms
of the deformed de Rham dierential ∇ν,µτ f := df+ifθν,µτ as Lν,µτ = (14 )(∇ν,µτ )∗∇ν,µτ .
Moreover, it satises the invariane property T ν,µg Lν,µτ = Lν,µτ T ν,µg for all g ∈ G.
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Proof. We have
∇∗∇f = d∗df + i[d∗(fθ)− θ∗(df)] + θ∗(fθ)
= −∆− i[⋆((df¯) ∧ (⋆θ)) + θ∗(df)] + (id∗(θ) + |θ|2)f
= −∆− i ⋆ [(df¯ ) ∧ ⋆θ + θ ∧ ⋆df ] + (id∗(θ) + |θ|2)f
= −∆− 2i(df |θ) + (id∗(θ) + |θ|2)f = 4Lν,µτ .
The seond equation follows using the fats d∗d = ∆, d∗(fθ) = − ⋆ (df¯ ∧ (⋆θ)) +
fd∗(θ) and θ∗(fθ) = |θ|2f , while the third one is due to ⋆[(df¯) ∧ (⋆θ) + θ ∧ ⋆df ] =
2 ⋆ ((df¯)∧ (⋆θ)) = (df)∧ (⋆θ) whih follows from α∧ ⋆β = β¯ ∧ ⋆α¯, keeping in mind
that θ is real, ombined with ⋆(α ∧ ⋆β) = (β|α).
For the invariane property of Lν,µτ by the transformations T ν,µg , let mention rst
that the dierential 1-form θν,µτ satises the following
[g∗θν,µτ ](z) = θ
ν,µ
τ (z)− i
d(Jν,µρ,τ (g, z))
Jν,µρ,τ (g, z)
. (2.16)
This holds by diret omputation and the use of the equivariant ondition (1.4).
Now, using the well known fats g∗d = dg∗ as well as g∗(α ∧ β) = g∗α ∧ g∗β,
together with the established fat (2.16), one obtains
T ν,µg
(∇ν,µτ f) = Jν,µρ,τ (g, z)[g∗((d+ iθν,µτ )f)]
= Jν,µρ,τ (g, z)
(
d[g∗f ] + i[g∗θν,µτ ] ∧ [g∗f ]
)
= Jν,µρ,τ (g, z)d[g
∗f ] + d(Jν,µρ,τ (g, z))[g
∗f ] + iJν,µρ,τ (g, z)θ
ν,µ
τ [g
∗f ]
= d(Jν,µρ,τ (g, z)[g
∗f ]) + iθν,µτ J
ν,µ
ρ,τ (g, z)[g
∗f ]
= (d+ iθν,µτ )T ν,µg f = ∇ν,µτ
(T ν,µg f).
Hene, sine T ν,µg ommutes also with (∇ν,µτ )∗ for T ν,µg being an unitary transfor-
mation, we dedue easily from Lν,µτ = (1/4)∇∗∇ that Lν,µτ and T ν,µg ommute. This
ends the proof. 
3. A haraterization of the spae Mν,µτ (C)
Let φν,µρ (g, g
′) be the real-valued funtion dened on G×G by
φν,µρ (g, g
′) := ℑ
(
ν
〈
g−1 · 0, g′ · 0〉+ µ〈ρ(g−1) · 0, ρ(g′) · 0〉) (3.1)
and reall that Jν,µρ,τ , in (2.15), is given by J
ν,µ
ρ,τ (g, z) := j
ν(g, z)jµ(ρ(g), τ(z)). Then,
we have
Lemma 3.1. The mapping Jν,µρ,τ satises the hain rule
Jν,µρ,τ (gg
′, z) = e2iφ
ν,µ
ρ
(g,g′)Jν,µρ,τ (g, g
′ · z)Jν,µρ,τ (g′, z). (3.2)
Proof. For every g, g′ ∈ G and z ∈ C, we have
Jν,µρ,τ (gg
′, z) = jν(gg′, z)jµ(ρ(gg′), τ(z)) = jν(gg′, z)jµ(ρ(g)ρ(g′), τ(z)).
Next, by applying the fat that the automorphi fator jα(·, ·) satises
jα(hh′, w) = e2iαℑ〈h−1·0,h′·0〉jα(h, h′ · w)jα(h′, w)
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suessively for h = g, h′ = g′ and h = ρ(g), h′ = ρ(g′), we dedue
Jν,µρ,τ (gg
′, z) = e2iφ
ν,µ
ρ
(g,g′)jν(g, g′ · z)jµ(ρ(g), ρ(g′) · τ(z))Jν,µρ,τ (g′, z)
= e2iφ
ν,µ
ρ
(g,g′)jν(g, g′ · z)jµ(ρ(g), τ(g′ · z))Jν,µρ,τ (g′, z).
The last equation follows making use of the equivariant ondition (1.4). 
Aording to the above result, the unitary transformations T ν,µg ; g ∈ G, (2.14),
dene a projetive representation of the group G on the spae of C∞ funtions
on C. Therefore, we an hek the following statement on the nontriviality of the
vetor spae of mixed Γ-automorphi forms of type (ν, µ),
Mν,µτ (C) :=
{
F : C
C∞−→ C; F (z + γ) = J−ν,−µρ,τ (γ, z)F (z)
}
. (3.3)
Lemma 3.2. The funtional spae Mν,µτ (C) is nontrivial if and only if the real-
valued funtion (1/π)φν,µρ in (3.1) takes integer values on Γ × Γ. In this ase,
Mν,µτ (C) an be realized as the spae of ross setions on a line bundle over the
omplex torus C/Γ.
Proof. Making use of (3.2) and the equivariant ondition (1.4), the proof an be
handled along the lines of the proof of [9, Proposition 3.1℄ (see also Remark 3.3
there). 
Now in order to state the main result of this paper, Theorem 3.3 below, let
onsider the transformation
[Wν,µτ (f)](z) := eiϕ
ν,µ
τ
(z)f(z), (3.4)
where ϕν,µτ is the real-valued funtion onsidered in Lemma 2.2. Then, we have the
following
Theorem 3.3. The image of Mν,µτ (C) by the speial transformation (3.4) is the
spae of Landau (Γ, χτ )-automorphi funtions of magnitude B
ν,µ
τ = ν + µ(|∂τ∂z |2 −
|∂τ
∂z¯
|2) and multiplier
χτ (γ) = exp
(
2iϕν,µτ (γ)− 2iµℑ
〈
τ(0), ρ(γ)−1 · 0〉).
That is
Wν,µτ (Mν,µτ (C)) =
{
F : C
C∞−→ C; F (z + γ) = χτ (γ)j−B
ν,µ
τ (γ, z)F (z)
}
.
Proof. We have to prove that Wν,µτ F belongs to
FBν,µτΓ,χτ (C) :=
{
F ; C∞, F (z + γ) = χτ (γ)j−B
ν,µ
τ (γ, z)F (z)
}
whenever F ∈ Mν,µτ (C), where χτ (γ) = exp
(
2iϕν,µτ (γ) − 2iµℑ
〈
τ(0), ρ(γ)−1 · 0〉).
Indeed, we have
[Wν,µτ F ](z + γ) := eiϕ
ν,µ
τ
(z+γ)F (z + γ)
= eiϕ
ν,µ
τ
(z+γ)j−ν(γ, z)j−µ(ρ(γ), τ(z))F (z)
= ei(ϕ
ν,µ
τ
(z+γ)−ϕν,µ
τ
(z))j−ν(γ, z)j−µ(ρ(γ), τ(z))[Wν,µτ F ](z)
= χ̂τ (z; γ)j
−Bν,µ
τ (γ, z)[Wν,µτ F ](z),
where we have set
χ̂τ (z; γ) := e
i(ϕν,µ
τ
(z+γ)−ϕν,µ
τ
(z))e−2i([B
ν,µ
τ
−ν]ℑ〈z,γ〉+µℑ〈τ(z),ρ(γ)−1·0〉). (3.5)
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Thus, we laim
Claim 3.4. The funtion χ̂τ as dened by (3.5) is independent of the variable z.
Therefore, we get
[Wν,µτ F ](z + γ) = χτ (γ)j−B
ν,µ
τ (γ, z)[Wν,µτ F ](z)
with χτ (γ) := χ̂τ (0; γ). The proof is ompleted 
Proof of Claim 3.4. Dierentiation of χ̂τ (z; γ) w.r.t. variable z gives
∂χ̂τ
∂z
= i
(
∂ϕν,µτ
∂z
(z + γ)− ∂ϕ
ν,µ
τ
∂z
(z)
)
χ̂τ (3.6)
−
(
[Bν,µτ − ν]γ¯ + µ
[
aγ
∂τ
∂z
(z)− aγ ∂τ¯
∂z
(z)
])
χ̂τ ,
where we have set aγ = ρ(γ
−1) · 0. In the other hand, sine
∂ϕν,µτ
∂z
=
∂ϕ˜ν,µτ
∂z
,
one dedues from (2.10) together with the equivariant ondition τ(z + γ) = ρ(γ) ·
τ(z), the following
i
(
∂ϕν,µτ
∂z
(z + γ)− ∂ϕ
ν,µ
τ
∂z
(z)
)
= Bν,µτ γ¯ + S
ν,µ
τ (z)− Sν,µτ (z + γ)
= [Bν,µτ − ν]γ¯ + µ
[
aγ
∂τ
∂z
(z)− aγ ∂τ¯
∂z
(z)
]
. (3.7)
Thus from (3.6) and (3.7), we onlude that
∂cχτ
∂z
= 0. Similarly, one obtains also
∂cχτ
∂z¯
= 0. This ends the proof of Claim 3.4. 
Aording to the results of Lemma 3.2 and Theorem 3.3 above together with
Proposition 2.1 of [9℄, we dedue easily the following
Corollary 3.5. The funtion χτ (γ) = exp
(
2iϕν,µτ (γ)−2iµℑ
〈
τ(0), ρ(γ)−1 · 0〉) sat-
ises the pseudo-harater property
χτ (γ + γ
′) = e2iB
ν,µ
τ
ℑ〈γ,γ′〉χτ (γ)χτ (γ′)
if and only if (1/π)φν,µρ in (3.1) takes integer values on Γ× Γ.
4. On the onrete spetral theory of Lν,µτ on L
2(C; dλ) and Mν,µτ (C)
Note rst the the spetrum of Lν,µτ is purely disrete and onsists of innitely
degenerate eigenvalues (Landau levels)
Ek = B(2k + 1) = (2k + 1)
(
ν + µ(|∂τ
∂z
|2 − |∂τ
∂z¯
|2)
)
; k = 0, 1, 2, · · · ,
where we have set B := Bν,µτ for simpliity. This is a well ommon fat for
Shrödinger operators with onstant magneti eld, see [6, 5℄ for example. More-
over, the onrete spetral analysis of Lν,µτ , ating on the free Hilbert spae L
2(C; dλ),
an be dedued easily by onsidering the transformation (3.4), i.e., [Wν,µτ (f)](z) :=
eiϕ
ν,µ
τ
(z)f(z). It is an unitary and isometri transformation from the Hilbert spae
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L2(C; dλ) onto itself and intertwines the operators Lν,µτ and L
B
as given by (2.4)
and (1.2), respetively. Preisely, we have
Wν,µτ Lν,µτ = LBWν,µτ . (4.1)
This an be heked using (2.8) and (2.9) ombined with (2.5), or also using the
geometri realization of Lν,µτ and L
B
by writing ∇ν,µτ = d + iθν,µτ as ∇ν,µτ =
e−iϕ
ν,µ
τ (d+ iθB)eiϕ
ν,µ
τ
. Consequently, we state the following result
Proposition 4.1. Let Aν,µτ ;k(C) =
{
F ∈ L2(C; dλ); Lν,µτ F = EkF
}
be the L2-
eigenspae of Lν,µτ assoiated with the eigenvalue Ek = B(2k + 1).
i) We have the following orthogonal deomposition L2(C; e−B|z|
2
dλ) =
⊕∞
k=0 A
ν,µ
τ ;k.
ii) Let ψν,µτ (z, w) := ϕ
ν,µ
τ (z) − ϕν,µτ (w). Then the eigenprojetor kernel of Aν,µτ ;k
satises the invariane property
Kν,µτ ;k (z, w) = e
−i(ψν,µ
τ
(z,w)−ψν,µ
τ
(g·z,g·w))e2iBℑ(z−w,g
−1.0)Kν,µτ ;k (g.z, g.w)
and is given expliitly by
Kν,µτ ;k (z, w) =
2B
π
e−iψ
ν,µ
τ
(z,w)e2iBℑ〈z,w〉e−B|z−w|
2
Lk(2B|z − w|2),
where Lk(x) = L
0
k(x) denotes the usual Laguerre polynomial.
Proof. This follows by making use of (4.1) and Proposition 2.2 in [9℄. In fat, if
Kν,µτ ;k (z, w) is a reproduing kernel for L
ν,µ
τ , then e
−i(ϕν,µ
τ
(z)−ϕν,µ
τ
(w))Kν,µτ ;k (z, w) is a
reproduing kernel for LB. 
The investigation of the spetral properties of Lν,µτ ating on Mν,µτ (C) follows
now easily using Theorem 3.3 together with the fat (4.1). Indeed, we have
Wν,µτ (Eν,µτ ;k ) = EBk ,
where for every xed positive integer k = 0, 1, 2, · · · , the spae Eν,µτ ;k (resp. EBk ) is
the spae of all eigenfuntions of Lν,µτ (resp. L
B
) in Mν,µτ (C) (resp. FBΓ,χτ (C))
orresponding to the eigenvalue Ek = B(2k + 1), i.e.,
Eν,µτ ;k := {F ∈ Mν,µτ (C); Lν,µτ F = B(2k + 1)F} (4.2)
and
EBk :=
{
F ∈ FBΓ,χτ (C); LBF = B(2k + 1)F
}
.
Thus, from the dimensional formula established in [9℄, one obtains the following
Proposition 4.2. The Mν,µτ (C)-eigenspaes Eν,µτ ;k , (4.2), are nite dimensional
spaes, whose dimension is given expliitly by dim Eν,µτ ;k = (2Bν,µτ /π)Area(C/Γ).
For illustration, we onsider the partiular ase of the equivariant map τ
h
,
τ
h
(z) = h · z, derived from inner G-homomorphism ρ
h
(g) := hgh−1; h = (α
h
, β
h
) ∈
T⋊C. Thus, by solving Equation (2.10), we get
Lemma 4.3. The funtion ϕν,µτ is given expliitly by ϕ
ν,µ
τ (z) = ϕ
σ
ξ (z) := −2ℑ〈z, ξ〉,
where σ = ν + µ ∈ R and ξ = µα¯β ∈ C.
Hene, the orresponding magneti Shrödinger operator ats on the Hilbert spae
L2(C; dλ) by
− ∂
2
∂z∂z¯
− ([σz + ξ] ∂
∂z
− [σz¯ + ξ¯] ∂
∂z¯
)
+ |σz + ξ|2 =: Lσξ , (4.3)
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and is unitary equivalent to the twisted Laplaian Lσ (1.2). Moreover, Jν,µρh,τh
reads simply Jν,µρh,τh(γ; z) = e
−2iσℑ〈z,γ〉e−2iℑ〈ξ,γ〉. Hene, under the assumption
σℑ〈γ, γ′〉 ∈ πZ, the spae of mixed Γ-automorphi formsMν,µτh (C) is nontrivial and
redues to the spae FσΓ,χh(C) := {F ; C∞, F (z + γ) = χh(γ)j−σ(γ, z)F (z)} of
Landau automorphi funtions of weight σ with the multiplier χh(γ) = e
−2iℑ〈ξ,γ〉
,
whih here is a harater. Hene, one get easily that FσΓ;1(C) = Wξ(FσΓ;χh(C))
whih is in aordane with Theorem 3.3. Here [Wξ(f)](z) := e2iℑ〈z,ξ〉f(z) is the
transformation in (3.4). In this ase, the previous results (Propositions 4.1 and 4.2)
read simply
Corollary 4.4. LetKσξ;k(z, w) denotes the eigenprojetor kernel of the L
2
-eigenspae
Aσξ;k of L
σ
ξ orresponding to the eigenvalue Ek = σ(2k+1) and EkΓ;σ(C) the eigenspae
of of Lσξ in Mν,µτh (C) assoiated to Ek. Then, we have
i)Kσξ;k(z + b, w + b) = e
2iσℑ〈z−w,b〉Kσξ;k(z, w) for every z, w, b ∈ C.
ii) Kσξ;k(z, w) =
2σ
pi
eiℑ〈z−w,ξ〉e2iσℑ〈z,w〉eσ|z−w|
2
Lk(2σ|z − w|2) for all z, w ∈ C.
iii) dim EkΓ;σ = (2σ/π)Area(C/Γ).
5. Suggested polynomials
Aording to the supersymmetri relationships (2.5), the orresponding eigen-
funtions an be generated by iterating the ground states via the reator operator
A˜ν,µτ = −∂/∂z + Sν,µτ . In fat, they are given by A˜ν,µτ
m
(ψ); m = 0, 1, 2, · · · , where
ψ annihilates Aν,µτ . Thus, in view of Lemma 2.2, we see that ψ belongs to the spae
spanned by the funtions zne−B|z|
2−iϕν,µ
τ
(z)
; n = 0, 1, 2, · · · . Therefore, it follows
that the free eigenspae of Lν,µτ orresponding to the eigenvalue Em = B(2m+ 1)
is generated by the eigenfuntions
ψν,µ;τm,n (z) = A˜
ν,µ
τ
m
(zne−B|z|
2−iϕν,µ
τ
(z)) = e−B|z|
2
[(Wν,µτ )−1HBm,n](z), (5.1)
where HBm,n are the omplex Hermite polynomials [15, 11℄ given through
HBm,n(z) := e2B|z|
2 ∂m
∂zm
(
zne−2B|z|
2)
.
Now assume that τ is an equivariant map suh that Rτ := τ∆τ¯ − τ¯∆τ = 0. In
this ase, the orresponding ϕν,µτ is harmoni, for ∆ℑ(φ) = ∆ϕν,µτ = −iµRτ whih
follows from (2.13) together with the dierentiation of both sides of (2.12) with
respet to z. Hene, we have ϕν,µτ = 2ℑh = −i(h− h¯) for some given holomorphi
funtion h = hν,µτ . Whene, one an rewrite the annihilator and reator operators
like
Aν,µτ = e
−B|z|2+h¯ ∂
∂z¯
eB|z|
2−h¯
and A˜ν,µτ = e
B|z|2−h ∂
∂z¯
e−B|z|
2+h.
Therefore, the funtions
ψ˜ν,µ;τm,n (z) = e
−B|z|2+h¯GB;hm,n(z)
generate also the free eigenspae of Lν,µτ with Em as assoiated eigenvalue, where
the suggested polynomials GB;hm,n are given by
GB;hm,n(z) = e2B|z|
2−h ∂
m
∂zm
(
zne−2B|z|
2+h
)
. (5.2)
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This furnish then a lass of generalized omplex Hermite polynomials. Their expliit
study requires expliit expression of h and therefore of ϕν,µτ .
As example of equivariant pairs satisfying Rτ = 0, we reonsider (ρh , τh) for
whih ϕν,µτ = ϕ
σ
ξ is given by Lemma 4.3. The orresponding polynomials onstitute
a lass of generalized omplex Hermite polynomials Gσm,n(z, z¯|ξ) parameterized by
ξ ∈ C and redues to the usual omplex Hermite polynomials HBm,n when ξ = 0.
Some related basi properties of Gσm,n(z, z¯|ξ) are studied and exposed in [7℄.
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